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Abstract. Navier-Stokes equations are investigated in a functional setting in 3D 
open sets H, bounded or not, without assuming any regularity of the boundary 
dCl. The main idea is to find a correct definition of the Stokes operator in 
a suitable Hilbert space of divergence-free vectors and apply the Fujita-Kato 
method, a fixed point procedure, to get a local strong solution. 



1. Introduction 

Since the pioneering work by Leray 3^ in 1934, there have been several studies on 
solutions of Navier-Stokes equations 

^ Au + Vt: + {u-\/)u = in ]0,T[xn, 



(NS) 



dt 

div u = in ]0,T[xn, 

u = on ]0,T[xdn, 

u(0) = Uq in fl. 



Fujita and Kato 2 in 1964 gave a method to construct so called mild solutions in 
smooth domains il, producing local (in time) smooth solutions of (NS) in a Hilbert 
space setting. These solutions are global in time if the initial value uq is small enough 
in a certain sense. The case of non smooth domains has been studied by Deuring 
and von Wahl pP in 1995 where they considered domains 57 C M'^ with Lipschitz 
boundary dfl. They found local smooth solutions using results contained in Shen's 
PhD thesis HI. Their method does not cover the critical space case as in P]. One 
of the difficulty there was to understand the Stokes operator, and in particular its 
domain of definition. 

In Section 2, we give a "universal" definition of the Stokes operator, for any domain 
i7 C M'^ (Defintion I2.3|l . In Section 3, we construct a mild solution of (NS) with a 
method similar to Fujita-Kato's |2] (Theorem 13. 2(1 for initial values uq in the critical 
space D{Ai). We show in Section 4 that this mild solution is a strong solution, i.e. 
{NS) is satisfied almost everywhere. 

2. The Stokes operator 
Let be an open set in M"^. The space 

L\nf ^{u^ iui,U2,U3);u, £ L\n), i = 1,2,3} 
endowed with the scalar product 

3 



E 



u - V ^ y I Ui 



is a Hilbert space. Define 

g = {Vp;pe Ll^in) and Vp G L^Q)^}; 
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the set 5 is a closed subspace of Let 

n = g^ = {ue L^{nf; («, vp) = o, Vp e H\n)} . 

The space H, endowed with the scalar product (•, •) is a Hilbert space. We have the 
following Hodge decomposition 

We denote by P the projection from L^{il)^ onto 7i : P is the usual Hclmoltz projec- 
tion. Wc denote by J the canonical injection H ^ L^(il)'^ : J' — F (J' beeing the 
adjoint of J) and PJ is the identity on H. Let now ^{n)^ = '^^{n)^ and 

V = {u€ ^(0)3;divu = 0}. 

It is clear that I? is a closed subspace of ^{Q)^. We denote hy Jq : V ^ ^(17)^ the 
canonical injection : Jq C J. Let Pi be the adjoint of Jq : Pi = Jq : — > V. 
We have Pi C P. The following theorem characterizes the elements in ker Pi . 

Theorem 2.1 (dc Rahm). Let T G such that FiT ^ in V . Then there 

exists S € ('^~(^))' SMc/i that T = VS. Conversely, ifT = \7S with S € ("^^(17))', 
then PiT = inV. 

We denote by Hq{Q)^ the closure of ^{Q)^ with respect to the scalar prod- 
uct {u,v) {u,v)i = {u,v) + J2^^i{diU, div) . By Sobolev embeddings, we have 
H^inf ^ L'^{nf. Define 

The space V is a closed subspace of TJq (17)^ ; endowed with the scalar product (•, •)i, 

V is a Hilbert space. The canonical injection J : V ^ i?Q(0)"^ is the restriction 
of J to V. Let H-^{nf = {H^{n)^y ; Pi maps H-^{nf to V : the restriction 
of Pi to H^^{il)^ is P, the adjoint of J. On V x V we define now the form a by 

3 

a{u,v) = '^^{diJu^diJv) : a is a bilinear, symmetric, (5 + a is a coercive form on 

V X V for all (5 > 0, then defines a bounded self-adjoint operator Aq : V ^ V hj 

{A{)u){v) = a(u, v) with S + Aq invcrtiblc for all S > 0. 

Proposition 2.2. For all u G V, Aqu = V{—A%)Ju, where denotes the Dirichlet- 
Laplacian on Hq{Q)^. 

Proof. For all u, w G V, we have 

3 

{Aou){v) = a{u,v) = 'y^^{diJu, djJv) 

i=l 

{{-A%)Ju,Jv)H-.,Hi 

The first two equalities come from the definition of Aq and a. The third equality 
comes from the definition of the Dirichlet-Laplacian on iJQ(17)^ and the fact that for 

V € V, Jv = V. The last equality is due to J'(p = Pip in V" for all ip G H'^{fl)^. This 
shows that Aqu and ¥{—A%)Ju are two continuous linear forms on V which coincide 
on V, they are then equal. □ 

Definition 2.3. The operator A defined on its domain £'(^4) = {u G V; Aqu G H} 
by Au = Aqu is called the Stokes operator. 
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Theorem 2.4. The Stokes operator is self-adjoint in H, generates an analytic semi- 
group (e^*'^)(>o, D{A2) = V and satisfies 

D{A) = {ueV ; 3TTe{C^{n)y ■.VneH-\n) and -Au + VneH} 
Au = -Au + Vtt. 

Remark 2.5. Since ffo(^)^ ^ -^^(^)^) it is clear by interpolation and dualization 
that Pi maps LP{nf to DiA')' for | < p < 2, < s < i and s = -| + ^. Since 
A is self-adjoint, one has (5 + Ao)''D{A''y = {{6 + Ao^u^u € D{A^y} = H. In 
particular, {6 + Aq)^~Fi maps L^nf into n. 

3. Mild solution to the Navier-Stokes system 

Let T > 0. 

Define the following Banach space 

£t = {ue',^{[0,T];D{Ai)n^'\]0,T];D{Ai)) 

such that sup ||s^ A^u(s)||-« + sup ||s^3u'(s)||h < oo 

0<s<T 0<s<T 

endowed with the norm 

||w||fT = sup m3u(s)||-H + sup \\siA^u{s)\\n+ sup ||s^^u'(s)||h- 

0<is<r 0<,5<T 0<s<T 

Let a be defined by a{t) = e~*^Mo where uq G D{Ai). Then a G £t- Indeed, it 
is clear that a e '^{[0,T]; D{Ai)). We also have that tiAia{t) = tiAie'^^Aiuo 
is bounded on (0,T) since {e~*^)t>o is an analytic semigroup. Moreover, one has 
a'{t) = -Ae~*^uo which yields to tA^a'{t) = -tAe~*^Aiuo continuous on ]0,T], 
bounded in H. For m, u e ^t, we define now 

v){t) = I e-(*-")'^(-iPi)((u(s) • V)v{s) + {v{s) ■ W)u{s))ds, 0<t<T. 
Jo 

Proposition 3.1. The transform is bilinear, symmetric, continuous from £t x St 

to £t and the norm of ^ is independent of T . 

Proof. The fact that $ is bilinear and symmetric is clear. Moreover, v) = e~'^*f, 
where / is defined by 

f{s) = (-|Pi)((«(s) . V)v{s) + {v{s) ■ V)w(s)), s e [0,T]. 

For u,v Q £t, it is clear that (w(s) • V)t'(s) + {v{s) ■ V)u(s) G Li{^)^ and therefore 
(5+Ao)-3/(s)eWwith sup s^\\{6-\-Ao)—^f{s)\\n<c\\u\\ 

£t\\''^\\st- We have then 

0<s<T 

$(tt, v) = e-^ *f = {S + A)3e-^ * {{5 + A^y-^f) 

and therefore 

\\AH{u,v)mn < J^\\Ai{6 + A)ie-^'-^^^\\-^^^^\\{S + Ao)-'^f{s)\\nds 
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Continuity with respect to t G [0, T] of < i-^ Ai^{u, v){t) is clear once we have proved 
the boundedness. We also have 

\\A-^^u, v){t)\\n < WA^S + A)ie-(*-^)^||L(«)||(<5 + A^yi f{s)\\nds 

- ^( f T3-^ ) ll^illcTll^'llfT 

\Jq (t- s)4 y/s J 

- ( / n ^'^1 M£t\M£t 
\Jo {l-a)i Vo- J 

< ct~'^\\u\\£^\\v\\sT,. 

Continuity with respect to t e]0,r] is clear once we have proved the boundedness. 
To prove the last part of the norm of v) in £t, we have for s g]0, T[ 

f'is) = (-iPi)((7i'(s) • V)v{s) + iu{s) ■ V)v'{s) + {v'{s) ■ V)u{s) + {v{s) ■ V)u'(s)) 

and therefore 



sup \\si{S + Ao) ^f{s)\\n<c\\u\\£^\\v\\£^. 

0<s<T 



We have 



^{u,v){t)^ e'^^fit- s)ds+ e-^'~'^^f{s)ds te]0,r[, 
Jo Jo 

and therefore 



+ / ' -A{5 + ^)3e-(*-")^((5 + An)-Tj{s)ds 







which yields 



c 



A-^<^{u,v)'{t)\\n < -= (<5 + Ao)-^/(|) „ +c — -Tds]\\u\\eJv\\ 



5 1 1 



r- V" I ^--uy ■J\2J ' "\ I 1 /, X 5 I ll"l|trll''ll£T 

Vt ^ \J0 S2 — Sj 4 / 

+^ f / 7r~~TT^'^«) ll"ll£rlkll£T 

< -AT ,, 1 1 \MsAvhT- 

r yjo (1 - (t)4(T2 J 

This last inequality ensures that € £t whenever u,v G £t- D 

Theorem 3.2. For all uo e Z3(yl3), </iere exists T > such that there exists a unique 
u € £t solution of u = a+'^iu, u) on [0, T]. This Junction u is called the mild solution 
to the Navier-Stokes system. 

Proof. Let T > 0. Since ^ : £t x £t ^ £t '^s bilinear continuous, it suffices to apply 
Picard fixed point theorem, as in '2'. The sequence in £t (wn)nGN defined by vq = a 
as first term and 

^;„+l = a + neN 

converges to the unique solution u £ £t oi u = a + provided HA^uoUt^ is 

small enough < jrrj^ ). In the case where ||j44uo||-h is not small 
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(that is, if > ) then for e > 0, there exists Mo,e G D{A) such 

that ||A3(uo — uo,g)\\fi < e. If we take as initial value uo,e G D{A), we have 

\\a,\\e^<cT-^\\AuoA\H~Q- 
Therefore, we can find T > such that llallf^ < wjti . □ 

4. Strong solutions 

Let u be the mild solution to the Navier-Stokes system. We show in this section 
that u in fact satisfies the equations of the Navier-Stokes system in an L^— sense (for 
a suitable p). To begin with, we know that u ^ £t and satisfies 

u — a + $(u, u) — a + e^'^ * '/'("), 

where i-p{u) = — Pi((u • V)u) and we have \\t^{u{t) ■ V)m(<)|| 3 < c||u|||^. Therefore, 
we get 

(4.1) u{Q) = a(0) = uo, 

(4.2) divu(i) = in the ~ sense for t e]0, T[, 
and 

u' + Au^f in '^(]0,T[; V'), 
which means that for all t e]0,T[, 

Pi(u'(t) - Agu(i) + {u{t) ■ V)u{t)) = 0. 

Then, by Theorem lO there exists (-7r)(t) G {'^^{VL))' such that V7r(t) G H-^{VLf 
and 

(4.3) V(-7r)(t) = u'{t) - A%u{t) + {u{t) ■ \7)u{t) 
and we have for < < < T 

-Agu(t) + V7r(t) = -u'{t) - {u{t) ■ V)u{t) G L^{nf + L^n)^. 

The equation (|4.3|) . together with (|4.1|) and (|4.2I) . give the usual Navier-Stokes equa- 
tions which are fulfilled in a strong sense (a.e.) where we consider the expression 
^Au + Vtt undecoupled. 
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